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Abstract. This is the first part of a series of four articles. In this work, we are 
interested in weighted norm estimates. We put the emphasis on two results of dif- 
ferent nature: one is based on a good-A inequality with two-parameters and the 
other uses Calderon-Zygmund decomposition. These results apply well to singu- 
lar "non-integral" operators and their commutators with bounded mean oscillation 
functions. Singular means that they are of order 0, "non-integral" that they do not 
have an integral representation by a kernel with size estimates, even rough, so that 
they may not be bounded on all spaces for 1 < p < oo. Pointwise estimates are 
then replaced by appropriate localized — estimates. We obtain weighted 
estimates for a range of p that is different from (1, oo) and isolate the right class of 
weights. In particular, we prove an extrapolation theorem "a la Rubio de Francia" 
for such a class and thus vector-valued estimates. 
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General introduction 

This is a general introduction for this article and the series |AM2| IAM3t IAM4j . 

Calderon-Zygmund operators have been thoroughly studied since the 50's. They 
are singular integral operators associated with a kernel satisfying certain size and 
smoothness conditions. One first shows that the operator in question is bounded on 
for some po'- typically, for po = 2 with spectral theory, Fourier transform or even 
the powerful T(l), T{b) theorems. Once this is achieved, using the properties of the 
kernel, one gets a weak-type (1,1) estimate hence strong type {p,p) for 1 < p < by 
means of the Calderon-Zygmund decomposition and for p > pq, one uses duality or 
boundedness from L°° to BMO and interpolation. Still another way for p > Po relies 
on good-A estimates via the Fefferman- Stein sharp maximal function. It is interest- 
ing to note that both Calderon-Zygmund decomposition and good-A arguments use 
independent smoothness conditions on the kernel, allowing generalizations in various 
ways. 

The removal of regularity assumptions on the kernel is important, for instance 
towards applications to operators on non-smooth domains. Let us mention |DMcj 
where a weak-type (1,1) criterion is obtained under upper bound assumption on the 
kernel but no regularity in the classical Holder sense or in the sense of the Hormander 
condition |.HorJ . 

We mention also that Calderon-Zygmund operators satisfy also commutator esti- 
mates with bounded mean oscillation functions and it is therefore natural to try to 
extend them (see also the work of |DYj in this direction following the methods in 

IDMEI). 

A natural question is in what sense one should use the kernel of the operators. 
It has become common practice but is it a necessary limitation or a technical one. 
Indeed, one encounters Calderon-Zygmund like operators without any (reasonable) 
information on their kernels which we call, following the implicit terminology intro- 
duced in [BKl , singular "non- integral" operators in the sense that they are still of 
order but they do not have an integral representation by a kernel with size and/or 
smoothness estimates. The goal is to obtain some range of exponents p for which 
boundedness holds, and because this range may not be (l,oo), one should abandon 
any use of kernels. 
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The first step was done in |BKlj where a criterion for weak- type {p,p) for some 
p < Po is presented. In fact, this criterion is in the air in |Fef] but, still, |BKlj brings 
some novelty such as the removal of the mean value property already observed in 
[DMc] when p = 1. See also |RK2 ] and j HM] for Lp bounds p < 2 of the R iesz 
transforms of elliptic operators starting from the bound proved in jAHLMcT] . 

The second step was taken in |ACDHj . inspired by the good-A estimates in the 
Ph.D. thesis of one of us |MaH lMa2] . where a criterion for strong type {p,p) for some 
p > Po is proved and applied to Riesz transforms for the Laplace-Beltrami operators 
on some Riemannian manifolds. A criterion in the same spirit for a limited range of p's 
also appears implicitly in |(yPj towards perturbation theory for linear and non-linear 
elliptic equations and more explicitly in |ShH ISh2j (actually, we shall observe here 
that the criterion in |Sh2j is a corollary of the one in |A(]DHj ). 

These two criteria are exposed in |Aulj . to which the reader is referred, in the 
Euclidean setting and applied to other operators. 

Our purpose is to investigate the weighted norm counterparts of this new theory for 
Muckenhoupt weights and to apply this in the subsequent papers. Again, the weighted 
norm theory is well known for Calderon-Zygmund operators and we seek for criteria 
applying to larger classes of operators without kernel bounds hence with limited range 
of exponents. We mention jMalj where some weighted estimates for a functional 
calculi are proved but again assuming appropriate kernel upper bounds. Our study 
will also clarify some points in the unweighted case: in particular, we present a simple 
machinery to prove (new) commutator estimates (both unweighted and weighted) in 
this generality. 

This paper is concerned with the general operator theory and weights in the setting 
of spaces of homogeneous type. We study weighted boundedness criteria for operators 
and theirs commutators with bounded mean oscillation functions. Available machin- 
ery give us also vector- valued estimates. See the specific introductions of Parts [T] and 
El in this paper. 

Part II, |AM2j . is of independent interest as it develops a theory of off-diagonal 
estimates in the context of spaces of homogeneous type. In particular, the case of the 
semigroups generated by elliptic operators is thoroughly studied. This is instrumental 
in the application of the general theory in |AM3j . 

In Part III, |AM3j . we consider operators arising from second order elliptic oper- 
ators L: operators of the type ^p{L) from holomorphic functional calculus, the Riesz 
transforms, square functions, .... We obtain sharp or nearly sharp ranges of weighted 
boundedness of such operators, of their commutators with bounded mean oscillation 
functions, and also vector-valued inequalities. 

In Part IV, |AM4j . we apply our general theory to the Riesz transform on some 
Riemannian manifolds or Lie groups as in |A(yDHj and their commutators. 

Part 1. Good-A methods 

1. Introduction 

Good-A inequalities, brought to Harmonic Analysis in |BGj . provide a powerful tool 
to prove boundedness results for operators or at least comparisons of two operators. 
A typical good-A inequality for two non-negative functions F and G is as follows: for 
every < 5 < 1 there exists 7 = 7(^) and for every w e Aoo, there exists < < 1 
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and Cu, > such that for any A > 



w{x : F{x) > 2 A, G{x) < 7 A} < 5'^ w{x : F{x) > A}. 



(1.1) 



The usual approach for proving such an estimate consists in first deriving a local 
version of it with respect to the underlying doubling measure, and then passing to the 
weighted measure using that w G Aoq. 

Weighted good-A estimates encode a lot of information about F and G, since they 
give a comparison of the w-measure of the level sets of both functions. As a conse- 
quence of (jLip one gets, for instance, that for every < p < oo and all w G A^o then 
is controlled by HGHlpCw)- The same inequality holds with L^'°° in place of 
LP or with some other function spaces. Thus, the size of F is controlled by that of G. 

In applications, one tries to control a specific operator T to be studied by a maximal 
one M whose properties are known by setting F = Tf and G = Mf. For example, a 
Calderon-Zygmund operator by the Hardy-Littlewood maximal operator |("oij . |(yFj : a 
fractional integral by a fractional maximal operator 'MWj ; a Littlewood-Paley square 
function by a non-tangential maximal operator (CWWj . |Dahj . |D.TKj . [(^Wj . |Wilj : 
the maximal operator by the sharp maximal operator |FSj . 

When T is a Calderon-Zygmund operator with smooth kernel, in particular it is 
already bounded on (unweighted) L^, it was shown in IDoil, [nEl that (HH) holds 
with F = Tf and G = Mf with M being the Hardy-Littlewood maximal function. 
Thus, T is "controlled" by M in L^iyj) for all < p < oo and w G and therefore 
T is bounded on U\w) if M is bounded on L^iw), which by Muckenhoupt's theorem 
means w G Ap. In particular, the range of unweighted boundedness of T, that 
is the set of p for which T is strong-type {p,p), is (1, oo), a fact that was known by 
Calderon-Zygmund methods (see Part 2 of this paper). 

Replacing Mf by M{\f\P°Y^'P'^ for some Pq > 1 changes the range of unweighted 
boundedness to {po,oo). See for instance |MPTj . and the references therein, where 
this occurs for Calderon-Zygmund operators with less regular kernels. In this case, 
weighted L^iw) boundedness holds if w G ^p/po- 

So far, there is a lower limitation on p but no upper limitation in the sense that p 
goes all the way to oo. This has to be so by a special and very simple case of Rubio 
de Francia's extrapolation theorem (see |Rubj . |Garj ) which says that any sublinear 
operator T that is bounded on Lp^{w) for some < pi < oo and all w & Ai, is 
bounded on for all pi < p < oo. 

Obviously, the above good-A inequality does not apply to operators whose bound- 
edness is expected for Po < P < with a finite exponent go- An example is the Riesz 
transform for the Laplace-Beltrami operator on some Riemannian manifolds studied 
in jACyPIH IA(yj . There, a two-parameter good-A estimate incorporating an upper 
limitation in p is used for proving boundedness with a limited range of p > 2. See 
also jAulj . |CPj . jShll ISh2] . These two-parameter good-A estimates are of the form 



{x : MF{x) > K\,G{x) < \}\ < C { -— + ] \{x : MF{x) > A}|, (1.2) 



for all A > 0, > Kq and < 7 < 1. Note the explicit dependance on K,'y which 
are the two parameters and the appearance of the exponent go ^ (0, 00] in the right 
hand side. From this, it follows that MF is controlled by G in for all < p < go. 
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The aim of this part is to state conditions to obtain a weighted analog of ()1.2|1 and 
to derive some consequences for the study of operators. As we see below (Section lH.lj) . 
this forces us to specify the power in hence to specify the reverse Holder class 
for w. Indeed, taking w G RHs' then = 1/s and we obtain the control of MF by 
G in Wiw) for all < p < go/s (note that this implies that w G RH(^q^^ipy). 

This allows us to formulate simple unweighted conditions for the Lp{w) bounded- 
ness of (singular "non-integral") operators a priori bounded on (unweighted) for 
Po < P < % for weights in the class W^(po;9o) = ^p/po ^ ^^(^q^^/py f Sect ion l3.4|) . A 
slight improvement furnishes, almost for free, boundedness of their commutators with 
bounded mean oscillation functions for the same weights (Section IH.5|1 . This class 
of weights (studied in Section I4.1|l is the largest possible within A^o as we prove an 
extrapolation result for it. Namely, if T is bounded on some L'p{w) for some fixed p 
and for all w G W^(po; ^o) , then the same happens for every q G {po, Qo) and the corre- 
sponding class of weights. Using ideas on extrapolation from |(yMPj and [CGMP] , we 
obtain vector-valued inequalities automatically again for limited ranges of p (Section 
14. 2j) . For simplicity of the exposition, we work in the Euclidean space equipped with 
the Lebesgue measure. See Section |S1 for extensions to spaces of homogeneous type. 



We review some needed background on Muckenhoupt weights. We use the notation 



and we often forget the Lebesgue measure and the variable of the integrand in writing 
integrals, unless this is needed to avoid confusions. 

A weight w is a non-negative locally integrable function. We say that w G Ap, 
1 < p < oo, if there exists a constant C such that for every ball i? C M" (balls could 
be switched to cubes) 



For p = 1, we say that w E Ai if there is a constant C such that for every ball B cW' 



or, equivalently, Mw < C w a.e. where M denotes the uncentered maximal operator 
over balls (or cubes) in M". The reverse Holder classes are defined in the following 
way: w G RHq, 1 < g < oo, if there is a constant C such that for every ball B dW^ 



The endpoint g = oo is given by the condition: w G RH^o whenever, for any ball B, 



w{x) <C 4- w, for a.e. x E B. 
Jb 

Notice that we have excluded the case g = 1 since the class RHi consists of all the 
weights, and that is the way RHi is understood in what follows. 

We sum up some of the properties of these classes in the following result. 



2. Muckenhoupt weights 






for a.e. x E B, 




Proposition 2.1. 
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(i) Ai C Ap C Ag for 1 < p < q < OO. 
(u) RH^ C RHq C RHp for 1 < p <q < oo. 

(m) If w E Ap, 1 < p < oo, then there exists 1 < q < p such that w G Ag. 
{iv) If w E RHq, \ < q < oo, then there exists q < p < oo such that w G RHp. 

(v) A^= \J Ap= \J RHq. 

l<p<OD l<q<oo 

(vi) If 1 < p < oo, w E Ap if and only if w^~^' E Apt. 

{vii) If I < q < oo and 1 < s < oo, then w E AqHRHg if and only ifw^ E As[q-i)+i. 
Properties {i)-{vi) are standard, see for instance [GRj or )Duoj . For {vii) see |JNj . 

3. Two PARAMETER GOOD-A ESTIMATES 

Unless specified otherwise, M denotes the uncentered maximal operator over cubes 
(or balls) in M". 

3.1. Main result. 

Theorem 3.1. Fix 1 < q < oo, a > 1 and w E RH^i, 1 < s < oo. Then, there exist 
C = C{q,n,a,w, s) and Kq = KQ{n,a) > 1 with the following property: Assume that 
F, G, Hi and H2 are non-negative measurable functions on M" such that for any cube 
Q there exist non-negative functions Gq and Hq with F{x) < Gq{x) + Hq{x) for a.e. 
x E Q and 

(^-[ H'qY <a{MF{x)+MHi{x)+H2{x)), \fx,xEQ; (3.1) 

and 

-f Gq< G{x), Vx G Q. (3.2) 
Jq 

Then for all \ > 0, K > Kq and < 7 < 1 

w{MF > KX,G + H2 < 7A} < C (^-^ + -^^ ' w{MF + MHi > A}. (3.3) 

^45 a consequence, for all < p < ^ , we have 

\\MF\\lp(^w) < C {\\G\\lp(^ui) + ||M_f/'i||ip(^) + ||-f^2||LP(«i)), (3.4) 

provided \\MF\\ip(^yj) < 00, and 

||MF||j;,p,oo(^) < G (||G'||lp.°°(«)) + \\MHi\\iP,oo(^^-^ + ||-f/'2||LP'°°(«))), (3.5) 

provided ||MF||iP,oo(^) < 00. Furthermore, ifp > 1 then fj3.4|) and ()3.5p hold, provided 
F E {whether or not MF E L'p{w)). 

The proof of this result is in Section Ifi.ll 

Remark 3.2. We do mean that the estimates 1)3.11) and ()3.2j) are valid at any points 
X, X G Q, not just almost everywhere. 
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Remark 3.3. The case g = oo is the standard one: the L'^-average appearing in the 
hypothesis is understood as an essential supremum and K~'i = 0. Thus, the L'^iw) 
and LP'°°{w) estimates will hold for any < p < oo, no matter the value of s, that is, 
for any w G A^o- 

Remark 3.4. If ()3.1|) holds for any q > 1, then ()3.4|) holds for all < p < oo and for 

all w G Aoo- To see this, we fix < p < oo and w G A^. Then w G RHg/ for some 
1 < s < oo and it suffices to take q large enough so that p < q/s. 

Remark 3.5. In applications, error terms appear in localization arguments either in 
the form MHi{x) or H2{x) (with x independent of x) or both. The unweighted case 
|A(^I)HI Theorem 2.4] is of this type. 

Remark 3.6. If s > 1 and q < oo, then one also obtains the end-point p = q/s. 
To do it, we only need to observe that w G RHs'^ for some 1 < Sq < s (see (v) in 
Proposition 12. 1|) and so we can apply Theorem 13. II with p = q/ s < q/ Sq. 

We present some applications of Theorem 13.11 recovering some previously known 
estimates. 

3.2. Fefferman-Stein Inequality. The classical Fefferman-Stein inequality relating 
M and M* follows at once from Theorem O We take F = \ f\ e L\^^, Hi = H2 = 
For each cube Q we denote by /q the average of / on Q, 

F=\f\<\fQ\ + \f-fQ\^HQ+GQ. 

Taking g = 00, we trivially have ||-ffQ||L°°(Q) = |/q| < Mf\x) = MF{x) for each 
X & Q. Also, by definition of M* 

iGQ = l\f-fQ\< M*f{x) ^ G{x), Vx G Q. 

JQ JQ 

Thus, fj3.3p holds (with q = 00) and consequently, for every < p < 00 and every 
w G Aoo we have 

1|M/|U.(^)<C||M#/|Up(^), (3.6) 
whenever Mf G L'^{w). This is what is proved in |FSj . 

3.3. Generalized sharp maximal functions. In |Malj . a generalization of M* is 
introduced in the setting of spaces of homogeneous type. In the Euclidean setting, 
we define M* as follows. Let {Dt}t>o be a family of operators (for instance, an 
approximation of the identity but it could be more general) such that each Dt is an 
integral operator with kernel dt{x, y) for which 

\dt{x,y)\<Ct-^^h{\x-yrt-') 

where m is some positive fixed constant and h is positive, bounded, decreasing and 
decaying to fast enough. Then we define a new sharp maximal function associated 
to {Dt}t>o as 

M#/(x) = sup/ 
QbxJq 

where Iq = i^Q)"^ and i{Q) is the sidelength of Q. 

Examples are given by the semigroups associated with a second order elliptic op- 
erators {e~^^}t>o whose heat kernels have Gaussian (or some other) decay (see |AT| 
iMaHITTOlfXE] . ...) 
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With Theorem 13.11 we can reprove the good-A inequahty of |Malj for M* and M. 
As before take F = \ f\ E for some p > 1, Hi = H2 = 0. For each cube Q we write 

F=\f\< I Ap/I + 1/ - D,J\ ^Hq + Gq. 
Taking g = 00, we have ||i7Q||ioo(Q) < C Mf\x) = C MF{x) for each x G Q by the 
properties assumed on Dt. Moreover, by definition of M*, 

iGQ = l\f- Ag/I < M*f{x) ^ G{x), yx G Q. 

JQ JQ 

Thus, one obtains ()3.3|) (with q = 00) and hence, for every < p < 00 and every 
w G Aoo we have 

I|m/|Up(^)<c||m#/|U.(^), 

whenever Mf G U'{w). This is the result proved in |Malj . 

3.4. Applications to Singular "Non-Integral" Operators. We present here dif- 
ferent applications of Theorem 13.11 toward weighted norm inequalities for operators, 
avoiding all use of kernel representation, hence the terminology "non-integral" . 

In what follows, we say that an operator T acts from A into B (with A, B being 
some given sets) if T is a map defined on A and valued in B. An operator T acting 
from A to -B, both vector spaces of measurable functions, is sublinear if 

|T(/ + g)\ < \Tf\ + \Tg\ and |r(A/)| = |A| |T/| 

for all f,gEA and A G M or C Let us mention that for the theorems of this section, 
the second condition is not needed. 

Theorem 3.7. Let 1 < Po < qo < 00. Let S and V he vector spaces such that V G S. 
Let T , S he operators such that S acts from V into the set of measurahle functions 
and T is suhlinear acting from S into L^" . Let {Ar}r>o he a family of operators acting 
from T> into £. Assume that 

\T{I - Ar^B))frY <C M{\Sfr)^^{x), (3.7) 



B 



and 

\TAriB)fTY ^ C'M(|T/r)™(x), (3.^ 



B 



for all f G V, all hall B where r{B) denotes its radius and all x E B. Let Po < P < Qo 
{or p = go when go < 00) and w G Ajl fl RH^qgy. There is a constant C such that 



\\Tf\\LPM<C\\Sf\\LPM (3.9) 
for all f eV. Furthermore, for all po < r < go, there is a constant C such that 

Eir/.r)' „,„,£c|l(5:is/,if _ (3.10) 



LP{w) 



for all fjEV. 

We would like to emphasize that ()3.7|) and ()3.8|) are unweighted assumptions. This 
is a triple extension of |A(yDH[ Theorem 3.1]: we introduce a second operator S, 
obtain weighted inequalities and also vector-valued estimates. 
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Remark 3.8. The most common situation is S = I, S = U"^ with T> being a class of 

"nice" functions such as , fl L^, L^, C^, In that case, is interesting 

only when the right hand side is finite, hence we may also impose / G L^{w). This 
implies the boundedness of T from V fl U'{w) into for the U'{w) norm. See 

|AM3j for a situation where S ^ I. 

Remark 3.9. In this result, the case go = cxd is understood in the sense that the 
L'^'^-average in ()3.8j) is indeed an essential supremum. Besides, the condition for the 
weight turns out to be w G Ap/p^ for p > po. Similarly, if ()3.8|1 is satisfied for all 
go < oo then ()3.9j) holds for all po < P < oo and for all w G Ap/pg. 

Remark 3.10. A slightly more general statement consists in replacing the family 
{Ar} by {Ab} indexed by balls. We use this below. 

Proof of Theorem \3. 7| The vector- valued inequalities (jH.lOj) follow automatically by 
extrapolation, see Theorem 14.91 below. 

We prove ()3.9p . first in the case go < cxd and Pq < p < q^. Let f E V and so 
F = \Tf\P° G L^. Fix a cube Q (we switch to cubes for the proof). As T is sublinear, 
we have 

F<Gq + Hq^ 2p^>-' \T{I - AriQ))fr + 2^°-^ \TAr(Q)fr- 

Then fj3.7|) and ()3.8p yield the corresponding conditions ()3.1|) and ()3.2p with g = qo/po, 
Hi = H2 = 0, a = 2P«-iCP« and G = 2^°'^ G^" M{\Sf\P°). As w e RH^g^/py, 
Theorem 13 . 1 1 and Remark 13.61 fsince go < 00 implies g < 00) with p/po > 1 in place of 
p and s = qo/p yield 

ll^/ll^w,,^ < ll^^ll ^ <G\\G\\ JL =G\\M(\SfM\\ ^ <C\\Sff°A, 

where in the last estimate we have used that w G Ap/p^. 

In the case go = cxd and p < 00, Theorem 13.11 applies as before when w G ^p/po by 
Remark O □ 

Remark 3.11. Under the assumptions of Theorem 13.71 we can also prove an end- 
point weak- type estimate. Namely, if w G ^1 fl RH/ ^^y, then there is a constant G 

\po) 

such that 

||T/|Upo.-M<C7||5/|U.oh, (3.11) 
for all / G P. The proof follows the same ideas but one has to use the weak-type 
estimate ()3.5j] in place of ()3.4|1 . The details are left to the reader. 

Let us recall that we have assumed that for / G P then F = |T/|^° G L^. This 
hypothesis is not granted directly for T in some applications (for instance, it is not 
true for Pq = 1 and T being the Hilbert transform or the Riesz transforms) but for 
suitable approximations that are bounded on U'°{w) (with some bound that is 
allowed to depend on e). In such a case, one obtains the weak- type estimate for 
with a uniform control on the constant and the weak-type estimate for T follows by a 
limiting procedure. (This happens for the Hilbert transform: the kernel is truncated 
in such a way that it is in L^, so the approximations are bounded on .) Let 
us mention that for Calderon-Zygmund operators the usual approach is different: 
the weighted weak-type (1, 1) estimate for Ai weights follows by using the Calderon- 
Zygmund decomposition (see IGRI, Chapter IV]), see also |BKlj for a weak-type (po,Po) 
with po > 1) and Theorems 18 . H Wl\ b elow . 
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Remark 3.12. Theorem 13.11 implies a variant of Theorem 13.71 valid for all < po < 

go < oo. We do not know, however, whether such a result is useful in applications 
when Po < 1. The precise statement and the minor modifications in the proof are left 
to the reader. 

The following extension of Theorem 13.71 is also useful. For simplicity we assume 
that S = I. 

Theorem 3.13. Let 1 < Po < Qo oo. Let V, S, T and {Ar}r>o be as in Theorem 
X7 Assume that fl3.7|) holds with S = I and, in place of ()3.8p . that 



TAr^B)fn * <C{M{ \Tfr) ™ (x) + M( \Sjr) -0 (x) + \S2fix)\ ), (3.12) 



B 

holds for all f G V and all x, x E B where Si, S2 are two given operators. Let 
Po < p < go and w G Ap_ fl RHfqr,y. If Si and S2 are bounded on L'^iw), then 

PO [tJ 

\\Tf\\L.M<C\\f\\L.M 

for all f EVnLP{w). 

Observe that Remarks 13.91 and 13.101 apply to this result. Also, the operator T 
satisfies the vector- valued inequalities ()3.10|1 . 

Proof. The proof is almost identical to the one of Theorem 13.71 Let f E T) {~\ Lf{w) 
and set F = |T/|p« G L\ Hi = and H2 = \S2f\P''. Theorem ITD gives us 

WTfWZf ,<\\MF\\ jL <C(||G'|| JL +\\MHi\\ jL +\\H2\\ jl ) 

II ^ IILP(«;) - II IIlto(«,)- VII lliPo(^) II ^llLfo(t„) II ^IIlpo(«,)^ 

= c{\\M{\sfr)\\ ^ +\\M{\Sifr)\\ ^ , + J 

<^ll/lliV)' 

p 

where we have used that M is bounded on Lpo{w) (since w G Ap/p^) and that, by 
hypothesis. Si, S2 are bounded on L^iw). □ 

The last result of this section is an extension of |Sh2| Theorem 3.1]. 

Theorem 3.14. Let I <po < % < 00. Suppose thatT is a hounded sublinear operator 
on LP° . Assume that there exist constants 02 > ai > 1, C > such that 

^ |T/r») ^ < C I ^ |T/r) - + M(|/r)^(a;)|, (3.13) 

for all balls B , x E B and all f G with compact support in M" \ a2B. Let 
Po < p < qo O'nd w G Ap_ fl RH /q^^y . Then, there is a constant C such that 

\\Tf\\LPM<C\\fhp^^) 
for all f G L°° with compact support. 

Proof For any ball B, let Asf = (1 - Xa^s) /• We fix / G L~, a ball 5 and a; G B. 
Using the L^^-boundedness of T, we have 

iT(/-^B)/r)™ <c(/ i/r)™ <cM(i/r)™(x). (3.i4) 
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In particular ()3.7|1 holds since ai > 1. Next, by ()3.13|1 and since |v4b/| < |/| we have 

(£ iTAsfr) < C I ^ \TABfr)^' + M(|/r) ™ 

By (|3.14|1 and the sublinearity of T, we obtain 

U iTABfr)"^ <CM{\Tfr)^{x) + CM{\fr)^{x), 

which is (I3.12|l with Si = I and 5*2 = 0. We conclude on applying Theorem 13 .131 with 
P = and f = L^". □ 

3.5. Commutators with BMO functions: part I. A slight strengthening of the 
hypotheses in Theorem 13.71 furnishes weighted L'^ estimates for commutators with 
BMO functions. 

Let b G BMO (BMO is for bounded mean oscillation), that is, 

II&IIbmo = sup f \b{x) -bsldx < oo, 
B Jb 

where the supremum is taken over all balls and 6^ stands for the average of b on 
B. Let T be a sublinear bounded operator on some Boundedness is assumed to 
avoid technical issues with the definition of the commutators. It could be relaxed, for 
instance, by imposing that T acts from S = CipL^ into L^". Sublinearity is defined in 
Section 13.41 

For any /c G N we define the k-th order commutator 

T,'f{x) = T{{bix) - bf f){x), f G L^, X G M". 

Note that T° = T. Commutators are usually considered for linear operators T in which 
case they can be alternatively defined by recurrence: the first order commutator is 

nf{x) = [b,T]f{x) = b{x)Tf{x)-T{bf){x) 

and for > 2, the k-th. order commutator is given by T^'^ = [b,T^~^]. 

We claim that since T is bounded in L^" then T^'^/ is well defined in L'^^^ for any 
< g < po and for any / G L^: take a cube Q containing the support of / and 
observe that by sublinearity for a.e. x G 



\T,'f{x)\ < J2 Cm,k \b{x) - bQ\'~'^ \T{{b- bQ}^ f) , 

7Tl=0 

John-Nirenberg's inequality implies 



X 



1%) - fegP^" \f{y)r dy < CII/IUoo \\b\{^^^ \Q\ < +00. 



Q 



Hence, T[{b — bq)'^ /) G and the claim follows. 

We are going to see that Theorem 13.11 can be applied to where the function 
H2 involves T = T^. The same will be done for Tj^ and in this case H2 involves the 
preceding commutators T,T^, . . . ,T^~^- Thus an induction argument (details are in 
Section l(i.2|l will lead us to the following estimates: 
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Theorem 3.15. Let 1 < po < Qo ^ oo and k E N. Suppose that T is a suhlinear 
operator hounded on L^", and that {Ar}T>o is a family of operators acting from 
into U"'\ Assume that 

Of 1 oo /■ 1 

^ \T{i~AiB))frY' <c'£<^Aj \fry\ (3.15) 

and 

( / |rA.(B)/r«) " < E ( / , l^/l'") ™ ' (3-16) 

J B j=l 1^^^ B 

for all f G I/^ and all ball B where r{B) denotes its radius. Let Po < p < Qo and 
w G A p. n RH/q^y. If y^ «7 j'^ < 00 then there is a constant C such that for all 

f eLf and all b G BMO, 

||T,V||l.h<C||6|||moII/IU.w, (3.17) 

for all f eL'^. 

Remark 3.16. Under the assumptions above, we have '^jC^j < oo and so ()3.15|) 
and ()3.16|1 imply respectively ()3.7|1 and ()3.8|) . Consequently, Theorem 13.71 applies to 
T = T° and yields its L^(i(7)-boundedness. 

Observe that Remarks 13.91 and 13.101 apply to this result. Also, the operator 
satisfies the vector- valued inequalities ()3.10|) . The assumptions ()3.15|) and ()3.16|) can 
be relaxed in the spirit of Theorem 13.131 by allowing error terms in the right hand 
sides: details and proof are left to the interested reader. 

Remark 3.17. As in |PTj one can linearize the k-th order commutator and consider 
the following multilinear commutators 

k 



rg/(x) = T((n(&.(^)-&.)) f){x). 



where b = {bi, . . . , bk} is a family of BMO functions. Notice that if bi = ■ ■ ■ = bk = b 
we have that Tg = T^'^. The proof of Theorem 13 . 1 51 can be adapted to Tg and thus get 
the corresponding weighted estimates for it (see R,emark l6.2|l . The precise statement 
is left to the reader. 

4. The sets W^(po,?o) and Extrapolation 

4.1. The sets yVw{po,(lo)- The conclusion of Theorem 13.71 with S = I and V = 
(and also of Theorems 13.131 and I3.15j) can be rewritten as follows: given w G Aoo, we 
introduce the set 

y^wiPo,qo) = {p : Po < p < qo,w e A^^ n RH^ny}, 

and we have shown that T is bounded on L^iw) whenever p G Ww{pQ, go)- Let us give 
some properties of this set. 

Lemma 4.1. Let w G A^c and I < Po < qo ^ oo. Then Ww{po,qo) = {po^w, jj^) 
where 

Tyj = inf{r > 1 : w G A^}, = sup{s > 1 : w G RHg}. 
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If go = oo, this result has to be understood in the following way: the set Ww{po, qo) 
is defined by the only assumption w G Ap/p^ and the conclusion is Ww = {porw, oo). 

Remark 4.2. Observe that ii 1 < Pi < Po < qo ^ Qi ^ oo then 

yVwiPo, qo) C Wniipi, qi) C W^(l, oo) = (r^, oo) = {I < p < oo : w E Ap). 

Remark 4.3. The set Ww{po,qo) can be empty: indeed, for every 1 < po < Q'o < oo, 
one can find w G A^o such that WwiPoi qo) = 0- A very simple example in M consists 
in taking w{x) = for a = qo/po — 1- Note that w G Ap, p > 1, if and only if 
a < p ~ 1 that is p > a + 1 and so = a + 1. On the other hand, w G RH^o and so 
= oo. Therefore, W^^ipo, qo) = {Po (1 + a), qo) = {qo, qo) = &■ 

Proof of Lemma \4 1\ We do the case go < oo, leaving the other one to the reader. 
If p > porw then p/po > r^, and so w E Ap/p^. If, additionally, p < go/(s^)' then 
(qo/p)' < and so w G RH(^gg/py. Therefore we have shown that {po^w, qo/ (su,)') C 

To prove the converse, we observe that, by {iii) in Proposition 12.11 if u; G Ar^ then 
= 1: if w G Ar^ for > 1, we have w E Ar for some 1 < r < which contradicts 
the definition of r^„. In the same way, but this time by (iv) in Proposition \2A\ if 
w G RHg^ then Sw = oo. 

Let p G y^w{Po,qo)- Since w G Ap/p^ then < p/po. Besides, ^ pIpo since 
pIpo > 1 and so p > Porw On the other hand, w G RH(^gg/py yields that > (go/p)'- 
Besides, s^, ^ (qo/p)' since qo/p > 1. This gives p < qo/isw)' as desired. □ 

The duality for these classes goes as follows: 

Lemma 4.4. Given po < p < qo, we have 

weAjLHRH^goY w^'^' e A ni?if/(„„)/v- 

In other words, p G >V^(po, qo) if and only if p' G W^i-p' ( (go)', (PoY) ■ 
Proof. Set g = (—)'(— — 1) + 1. Using [vi) and {vii) in Proposition 12.11 we have 



'90 

<r\RH,qo\' 
and 



Direct computations show 

^)',-„.a-„(M)' ana ,.(M)'(J^-.).. 



□ 



Remark 4.5. Fix 1 < p < oo. Observe that if w is any given weight so that w, 
w^~^ G L\^^, then a given linear operator T is bounded on L'p{w) if and only if its 
adjoint (with respect to dx) T* is bounded on {w^~p ). Therefore, 



T : LP{w) — > L^iw), for all w e Ajl H RH 



PO 



if)' 
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if and only if 

T* ■ LP'{w) — > LP'{w), for aW w e A f] RH.^^y. 

I907 [ p' ) 

We finish this section by giving famihes of weights on which and can be easily 
computed. 

Lemma 4.6. Let f,gE L'^{M."') be nontrivial functions, r > 1 and 1 < s < oo. Then: 

(i) Let w = {Mf)~^'^'^^ then = r and = oo, that is, w G ApCi RH^ for all 
p > r {and p = r if r = 1). 

(m) Let w = {Mfy/^ then r^„ = 1 and Sw = s, that is, w E AiH RHq for all q < s 
{and q = s if s = oo). 

(Hi) Ifw = (M/)~(''"^) + {Mgy/" then w e ApH RHq for all p > r and q < s {and 
p = r if r = 1 and q = s if s = oo). Thus, < r and s^, > s. 

Proof. The cases r = 1 or s = oo are trivial. Given a nontrivial function / G //^(M") 
and a G M we write w„ = (M/)". If a = then w„ = 1 G Ai n RHoo- If < a < 1 
then Va G Ai (see for instance |GRj ). If a < then we see that Va G RH^: for a.e. 
X e B 

Mf{xr = (M/(x)^)^" < ( / (M/)i/2)'" < / {MfT, 

where we have used that {MfY^'^ G Ai and also Jensen's inequality for the convex 
function 1 1— > t^". Finally, it is easy to show that ^ ^oo for « > 1. Indeed, assume 
that Va = {Mf)"" G Ap for some 1 < p < oo. Then, Vi = vU" = Mf G Ap as 
a > 1. By {vi) in Proposition 12 . II we have that vl~^ G Ap/ and thus M is bounded on 
L'P' {v\^^ ). Applying this estimate to / G L"^' {v\~^ ) (as / G L^(M")) we obtain that 
Mf G L^(W^) which only happens when / = 0. This leads us to a contradiction since 
we have assumed that / is nontrivial. 

We turn to showing {i). As w = then w G RH^o- Next, given p > r the 

number a = (r — l)/(p — 1) satisfies < a < 1 and thus Va G Ai. Notice that 
w = 1 ■ v]^^ G Ap (here we are using the "easy" part of the factorization of weights: 
if Wi,W2 G Ai then WiW2~^ G Ap). This shows that w E Ap for all p > r and then 
< r. To conclude we observe that = r a.s w ^ A,.: otherwise we would have 
w^^"^ = Mf G Ar' which cannot be the case as seen above. 

We now consider {ii). Notice that w = vi/s with 1 < s < oo and thus w G Ai. 
Given 1 < g < s, we see that w G RHg. Note that w'^ = Vg/s G as g/s < 1. Then, 
by {vii) in Proposition 12. II it follows that w G RHg fl Ai. Next, w ^ RH^. If it were, 
then w G RHg+s for some e > and in particular = Mf G A^c, which is not true. 
Hence, = s. 

Note that {Hi) follows from {i) and {ii) as w = Wi + W2 where Wi = {M f)"^^'"^^ G 
Ap n RH^ and W2 = {Mf)^/' G Ai n RHg and p > r, s < s^. □ 

Remark 4.7. There are examples of functions /, g for which in {Hi) we have < r 
and/or Syj > s. For instance, if f = g = Xbq with Bq = 5(0,1) then we have 
Mf{x) ^ (1 + |x|)-" and thus 

w{x) ^ (1 + |x|)"('^-^) ^ Mf{x)-^''-'\ 
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Then, = r and 3^ = 00 (no matter the value of s). Similar examples can be given 
in the other direction. 

Remark 4.8. The limit case in the latter result consists of taking / a Dirac mass at 
some given point xq, say Xq = for simplicity. In this case Mf{x) = c\x\~"' is a power 
weight. In (z), (ii) and {Hi) we respectively have wi{x) = c\x\'^^'^~^\ W2{x) = clx]'"^^^. 
Notice that wi ^ Ar, as w}"''' ^ Ll^iM"")- Also, w' ^ RH, as w' i 

4.2. Extrapolation. Rubio de Francia's extrapolation theorem is a very powerful 
tool in Harmonic Analysis, see |R,ubj and [(ilarj : if some given operator T is bounded 
on LP°{w) for every w G Ap^ and some 1 < po < oo? then it is bounded on L^{w) 
for all 1 < p < 00 and all w & Ap. So, the weighted norm inequality for one single 
exponent propagates to the whole range (l,oo). Notice that in our case the natural 
range of exponents is no longer (1, 00) but (po, %) C (1, 00). 

Here we extend Rubio de Francia's result, showing that there is an extrapolation 
theorem adapted to the interval (»o, '7o) which involves the classes of weights Ap_ fl 

PO 

RHi^q^y. To state such result we first make some reductions. As it was observed 

in |("MPj (see also jCXTMPj ). one does not need to work with specific operator (s) 
since nothing about the operators themselves is used (like linearity or sublinearity) 
and they play no role. In other words, extrapolation is something about weights and 
pairs of functions. This point of view is very useful, for instance, when one tries to 
prove vector-valued inequalities since, as we see below, they follow at once from the 
corresponding scalar estimates. 

So, sticking to the notation in |(yMPj . J-" denotes a family of ordered pairs of non- 
negative, measurable functions {f,g). In what follows, anytime we state an estimate 

WfWiPiw) < C\\g\\LP{w), {f,g)eJ^, 

we mean that it holds for all (/, g) E for which the left-hand side is finite. The 
same is assumed when LP'°° is written in place of in the left hand side. 
We can state our extrapolation result. 

Theorem 4.9. Let Q < po < qo < 00. Suppose that there exists p with po < p < qo, 
and p < 00 if qo = 00, such that for (/, g) G J-", 

\lp(w) < C\\g\\LP{w), for all w G Ajl fl RH^goV- (4.1) 



PO 

Then, for all po < q < qo and (/, g) E J-' we have 

\\f\\L^{w)<C\\g\\my,), forallwEA^nRH^,_,y. (4.2) 

Moreover, for all po < q,r < qo and {{fj,gj)} d we have 



The proof of this result is in Section l631 As an immediate consequence we can also 
extrapolate from weak-type estimates: 

Corollary 4.10. Let < po < ^ 00. Suppose that there exists p with Po ^ P < qo, 
and p < oc if qo = oc, such that for (/, g) G J-", 

\lp:^{w) < C ||5'||lp(«;) for all w G Ajl H RH^g^y. (4.4) 

PO \ p ) 



16 



PASCAL AUSCHER AND JOSE MARIA MARTELL 



Then, for all po < q < qo and (/, g) E J-" we have 

\\f\\Li.°-{w) < C \\g\\Li(w) for all w e AjL n RHf^y. (4.5) 

PO \ q ) 

Proof. We follow the simple method used in |GMj . for which the point of view of 
pairs of functions is particularly useful. Given (/, (?) G and any A > we define a 
new pair of functions {f\,g) where f\ = X Xs^if) -^a(/) = {/ > Thus fl4.4|) 
implies 

||/a||lp(u,) = Xw{Exif))p < sup \w{Ex{f))p = ||/||lp,oo(^) < C\\g\\LP{w) 

X 

for all w G Ap_ fl RH/qn y. Applying Theorem 14.91 the family of pairs (fx, g) satisfy 
()4.2j) with C independent of A, and taking the supremum on A > we obtain ()4.5|1 . □ 
Remark 4.11. Define the following sets, given an operator T defined at least on 

W{T) = {{p,w) G (l,oo) X : ||r/|Up(^) < 

for 1 < p < oo, WP{T) = {w e A^ : {p,w) G >V(T)}; and for w G A^, W^(T) = 
{pe{l,(x>):{p,w)eW{T)}. 
Next define for 1 < < Q'o ^ oo 

>V(po,go) = {{P,w) G {po,qo) X A^ : w e AjL HRHf^y}; 

PO \ p ) 

for Po < p < qo, WP{po,qo) = {w e A^ : {p,w) G W(po,go)} and for w G A^o, 
W«)(po,Q'o) = {p e (PcQ'o) : (p, u^) G W(po,9o)}- Recall that the smallest po (resp. 
the largest go); the largest the class W(po;9o)- 

For example, if T is a Calderon-Zygmund operator, then >V(T) contains the largest 
of all classes, namely W(l, oo) and this is optimal. Theorem 13. 71 (with S = I and V = 
W^) provides us with a sufficient condition on T to obtain that W(po) ^o) C W(T). 

Our extrapolation result shows that, given T and p, if some W^(po) %) is contained 
in W^(T) then for all q G (pcijo), VV"^(po,Q'o) is contained in >V'^(T). In other words, 
W^(pO)9o) C W^(T) for one p implies W(po,'?o) C W(T). The class of weights 
VV^(po; ^o) is thus the natural one for weighted boundedness within the range 
Po < p < qo- However, the inclusion could be strict for a particular operator T as we 
will see in |AM4j . 

5. Extension to spaces of homogeneous type 

In |AM3j ■ we apply our results in M" equipped with the doubling measure dfi{x) = 
w{x) dx with w G A^o (in this case w(M") = oo). In |AM4j . we change to a 
manifold or a Lie group. Hence, one needs to discuss the extension of our results to 
spaces of homogeneous type. 

Let {X,d,fi) be a space of homogeneous type, that is, a set X endowed with a 
distance d (and even a quasi-distance) and a non-negative Borel measure /i on A" such 
that the doubling condition 

fi{B {x, 2 r)) < Co fxiB{x,r)) < oo, (5.1) 

holds for all X G A" and r > 0, where B{x, r) = {y E X : d{x, y) < r}. 

The results from Harmonic Analysis that we have used in Euclidean spaces re- 
main true in this context (see for example jC.Wj . |Chrj . |Stej ). For instance, Vitali's 
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covering lemma, weak-type (1, 1) hence strong-type {p,p) for 1 < p < oo of the Hardy- 
Littlewood maximal function, Whitney's covering lemma . . . The theory of Mucken- 
houpt weights runs parallel to the classical case and one may prove all the statements 
in Proposition 12. II with the appropriate changes (see |ST| Chapter I]). 

Hence, Theorems 13.11 13.71 13.131 13.141 13.151 14.91 all have their counterpart in spaces 
of homogeneous type with almost identical proofs whenever fi{X) = oo. 

When /i(A') < oo (for example, A" is a bounded Lipschitz domain in M") some ad- 
justments are needed. In Theorem 13. H assuming that F G then the two parameter 
good-A estimate ()3.3|) holds for A > Aq = CQfi{X)~^ {\\F\\li + \\Hi\\ii). This condition 
guarantees that ^{Ex) < and so E\ C X. The Whitney covering argument can 

be performed and the proof presented above works in the same way. Thus, when 
proving the analog of ()3.4|1 . one has to split the integral in two parts: A > Aq and 
A < Aq. For the first one, we use ()3.3|1 . The piece A < Aq is estimated by observing 
that w{MF > A} < w{X) < oo (since fJ,{X) < cxd if and only if X is bounded, see for 
instance jMa2j ) . Thus, it can be proved that 

< C {\\G\\lp(^w) + \\MHi\\lp(^w) + ||//2||lp(m)) + II-^IIli(m) + \\^Hl\\L^p))■ 

The same occurs with the estimates in LP'°°{w). 

The latter inequality allows one to obtain Theorem 13.71 assuming further that T 
is bounded on L^" (this happens all the time in applications, see fSMS"). The only 
change is for the term where F = \Tf\P° (notice that Hi = H2 = in this 

case) : 

For the last inequality, we observe that since w G y4(p/pg), then i(;1~{p/po)' ^ A(p/p^y 
and so it is a doubling measure which implies as noted before that w^'^''^^^"^' (X) < 00 
as X is bounded. Similar modifications can be carried out with Theorems 13.131 and 
13.141 Precise statements and details of proofs are left to the interested reader. 

6. Proofs of the main results 
We prove Theorem 13. H Theorem 13.15| Theorem 14.91 

6.1. Proof of Theorem 13.11 The proof follows the ideas in |Aulj . It suffices to 
consider the case H2 = G: indeed, set G = G + H2- Then holds with G in place 
of H2 and also ()3.2|) holds with G in place of G. 

So from now on we assume that H2 = G. Set Ex = {MF + MHi > A} which is 
assumed to have finite measure (otherwise there is nothing to prove). As M is the 
uncentered maximal function (over cubes instead of balls). Ex is an open set. Hence, 
Whitney's decomposition gives us a family of pairwise disjoint cubes {Qj}j so that 
Ex = ^jQj and with the property that AQj meets E^, that is, there exists xj G iQj 
such that 

MF{xj) + MHi{xj) < A. 

Set Bx = {MF > K X,2G < X}. Since K > 1 we have that Bx C Ex. Therefore 
Bx C l-ijBx n Qj. For each j we assume that Bx CiQj ^ (otherwise we discard this 
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cube) and so there is Xj G Qj so that G{xj) < 7 A/2. Since MF{xj) < A, there is Co 
depending only on dimension such that for every K > Co we have 

I^Ang.i < |{MF> A^A}ng,| < \{m{fXsq^) > iK/Co)X}\ 

< \{M{GsQ^ XsQ,)> (^/2Co)A}| + \{M{HsQ^ Xsq,) > (^/2Co)A}|, 

where we have used i^XsQ, < <^8 0, Xsq, +Hsq, Xsq, ^-e. and Xsq, is the indicator 
function of 8Qj. Let Cp be the weak-type {p,p) bound of the maximal function. By 
()3.2|) and Xj E Qj C 8 Qj, we obtain 

HmGsQ.XsQ,) > iK/2Co)\}\ < ^ / GsQ, < ^|8g,|G(a;,) 

8 Qj 

Next, assume first that q < 00. By ()3.1|) and Xj, Xj G Sg^-, we obtain 
IW^sQ. XsQ,) > (^/2C7o)A}| < (^)' / 



These two estimates yield 

I^Ang,|<c(^ + ^) |g,|. 

At this point, we use that w G RHgi. If s' < 00, for any cube Q and any measurable 
set C g we have 



11.(0) - w(Q) \Jq ) \\Q\I - \\Q\ 

Note that the same conclusion holds in the case s' = 00. Applying this to BxCiQj C Qj 
we have 

w{B, n g,) <G,^G (^-^ + ^y w{Q,). 

Hence, using that the Whitney cubes are disjoint we have 



w 



which is (I3.3|l . 

When q = 00, then by 1)3.11) 

\\M{HsQ^XsQ,)h- < \\HsQ^XsQ,)h-<<^{MF{x,) + MH,{x,) + Gix,))<2aX. 

Thus choosing K >AaGoit follows that {M{Hsq^ Xsq,) > {K/2Gq) A} = 0. Pro- 
ceeding as before, we get the desired estimate (with K''^ = 0). 
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Next we show ()3.4|1 when it is assumed that MF G U'{w). Integrating the two- 
parameter good-A inequahty against d\ on (0, oo), for < p < cxd, 

II IILp(m)) — \K1 K J "Lv{w) II -^IILP(u;)/ II IILp(i«) 

Thus, as ||MF||j;^p(^) < oo, for < p < ^ we can choose K large enough and then 
7 small enough so that the constant in front of the first term in the right-hand side 
is smaller than |, leading us to ()3.4p . In the same way, but this time assuming that 
MF G L^'°°(w), one shows the corresponding estimate in U''°°{w) . 

Observe that in the case g = oo, is already chosen and we only have to take some 
small 7. Thus, the corresponding estimates holds for < p < 00 no matter the value 
of s. 

Now, we consider the case p > 1 and F E L^. We assume that the right-hand 
side of ()3.4|) is finite, otherwise there is nothing to prove. It suffices to consider the 
case w G indeed we can take W]s = min{w,A^} with > 0. As w G RHg' 

then Wat G RHg' with constant that is uniformly controlled in A^. Notice that if we 
show ()3.4|1 with wn and with constants that do not depend on A^, by taking limits as 
N —>■ 00, we conclude the desired estimate with w. 

So we assume that w G L°°. Let / be the non-negative function defined by /(A) = 
p\^w{MF > A}, A > 0. Notice that for any < Aq < Ai < 00, j^^ /(A) ^ exists and 
is finite. By ()3.3|1 we have 



Ao 



X Iho A 

K 



^ 2K 

where in the last inequality we have picked K large enough and then 7 small enough 
so that the constant in front of the first term in the right-hand side is smaller than 
1/2. Also we have written R for the remainder terms, that is, i? = C (||Mifi||^pj-^^ + 

^ ^^^^ -^0 = and Ai = K"^ with n,m>l and so 

J^-n A Jk-u a 2 jK-r^-^ A 



Hence, 
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Since M is of weak-type (1, 1), w G and i^T > 1 we have 

r \og2K ifp = 1, 
/(A)— <C||u-|Uoo <^ 
^ A [i iip>l, 

bound which does not depend on n. We conclude that 



|MF||i,(^)= r/(A)^= lim / /(A)^ 



< oo, 



so that MF G Wiw). Therefore, ()H.4j) holds with constants that do not depend on 
1 1 w 1 1 LOO. A very similar argument applies for the weak- type estimate. Details are left 
to the reader. □ 

6.2. Proof of Theorem I3.15L Before starting the proof, let us introduce some no- 
tation (see jBSj for more details). Let be a Young function: (p : [0, oo) — > [0, oo) is 
continuous, convex, increasing and satisfies (p{0+) = 0, (f){oo) = oo. Given a cube Q 
we define the localized Luxemburg's norm 

inf <! A > : -/- </> ( ^ 1 < 1 



Q 



and then the maximal operator 



M^f{x) = sup 

In the definition of || • H^^q, if the probability measure dx/\Q\ is replaced by dx and 
Q by M", then one has the Luxemburg's norm || ■ H,^ which allows one to define the 
Orlicz space 

Some specific examples needed here are (j){t) ~ e**^ for t > 1 which gives the classical 
space expL^ and (pit) = t (1 + log"*" t)" with a > that gives the space L (logL)". In 
this latter case, it is well known that for k > 1, we have M^^T^^^^k-if ^ f where 
is the /c-iteration of M. 

John-Nirenberg's inequality implies that for any function h G BMO and any cube 
Q we have \\h — 6q||oxpL,q ^ ||&||bmo- This yields the following estimates: First, for 
each cube Q and x E Q 

I |6-6Qi'=-i/r < ii^-^QiiS.,Qlli/rL(io,L)^.o,g 

J Q 

< ll&llBL°O^L(logL)^-o(|/r»)(^) < \\b&oM^''''^^'{\fni^), (6.1) 

where [s] is the integer part of s (if kpo G N, then one can take Ml'^Pol+i). Second, 
for each j > 1 and each Q, 

i-i 

11^ — &2Q||expL,2iQ < ||& " ^2J Q || cxpL,2i Q + |^2iQ " ^2q| ^ ||^||bMO + ^ |^2'+1Q " ^2'qI 

1=1 

< II&IIbmo + J2t - ^^'^'q\ ~ ^ II^IIbmo- (6.2) 

The following auxiliary result allows us to assume further that b G The proof 
is postponed until the end of this section. 
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Lemma 6.1. Let I < po < P < oo, /c G N and w G Aoo- Let T be a sublinear operator 
bounded on L^" . 

(i) If be BMO n and f G , then Tj; f G L^". 

{ii) Assume that for any b G BMO fl L°° and for any f G L'^ we have that 

\\Tbf\\LP{w) < Co ||6|||mO 

(6.3) 

where Cq does not depend on b and f . Then for all b G BMO, ()6.3|) holds with 
constant 2'' Cq instead of Cq. 

Part {ii) in this latter result ensures that it suffices to consider the case b G L°° 
(provided the constants obtained do not depend on b) . So from now on we assume that 
b G L°° and obtain ()6.3|) with Cq independent of b and /. Note that by homogeneity 
we can also assume that ||fe||BMO = 1- 

We proceed by induction. As mentioned in Remark I3.16| the case = follows 
from Theorem 13.71 We write the case = 1 in full detail and indicate how to pass 
from /c — 1 to as the argument is essentially the same. Let us fix po < P < and 
w G Av_ n RH, 90 y. We assume that go < cxd, for qQ = oo the main ideas are the same 

and details are left to the interested reader. 

Case k = 1: We combine the ideas in the proof of Theorem 13.71 with techniques for 
commutators, see jPEl. Let / G and set F = IT^VP"- Note that F G by (z) 
in Lemma f6. II (this is the only place in this step where we use that b G L°°). Given a 
cube Q, we set fq^b = ip4^Q — b) f and decompose as follows: 

\Tlf{x)\ = \T{{b{x)-b)f){x)\<\b{x)-b,Q\\Tf{x)\ + \T{{b,Q-b)f){x)\ 
< \bix) - b,Q\ |T/(x)| + |T(/ - A(q))/q,6(x)| + |rA(Q)/Q,.(x)|. 

With the notation of Theorem 13.11 we observe that F < Cq + Hq where 

Cq = 4^0-1 + cq,2) = 4«'-^ {\b - b,Qr \Tfr + \ni - A(Q))/Q,6r") 

and Hq = 2^^0-1 |TA(q)/q,6|^°. 

We ffist estimate the average of Cq on Q. Fix any x E Q. By fl6.H) with k = 1, 

/ = / \b-b,Qr iT/r < ii&ii^Vo^'""'"''(i^/r")(^)- 

JQ JQ 

Using dniSD, dnm) and (Q, 

J Q J Q j=l J 2^^^ Q 

oo 

< J]a,||6-64Q||expL,2.+iQM[*'°]+2(|J|P0)i^(^) 
3=1 

oo 

< ||6||BMoM[^'°]+2(|/r°)(^)- E"^-^' ^ M[^"]+2(|/r«)^(x), 
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since aj j < oo. Hence, for any x E Q 

Gq<C (m[p°1+2^|T/|po)(x) + = G{x). 



We next estimate the average of Hq on Q with q = go/Po- Using ()3.16|) and 
proceeding as before 



oo „ j_ „ 

oo 

< (MF)5^(X) + ||6 - &4Q||expL,2.+iQM[«']+2(|T/|P0)S 



< 



(MF)^(x) + MlP«l+2(|T/|P«)i(s) ^a^j 



< (MF)^(x) + M[P"l+2(|T/|P«)^(x), 

for any x G Q, where we have used that j < oo. Thus we have obtained 

1 

H^) ' < C(MF(x) +M[»]+2(|T/|po)(^)) =C {MF{x) + H2{x)). 

As mentioned before F E L^. Since w G RH(^q^ipy, applying Theorem Kill and 
Remark iH.fjl (since < oo imphes q < oo) with p/po in place of p and s = go/p, we 
obtain 

WTlffrl, , < IIMFII JL < ||G|| JL +||i/2|| 

II bJ\\LP{w)-\\ IIlpo(«,)~" "lpo(«;) " ^"Lfo(t„) 



< 

<ii/iiiV) + iiT/rA^,<ii/iii° 



lLP(w;) ' 11-^ J \\L'P{w) \\J \\LP(w)'' 

p 

where we have used the boundedness of M (hence, M^, M^, . . . ) on L™ [w) as w G 
Apjp^ with pq < p, and also Remark iH.lfil Let us emphasize that none of the constants 
depend on b or /. 

Case k: We now sketch the induction argument. Assume that we have already proved 
the cases m = 0, . . . , k — 1. Let / G L^. Given a cube Q, write fq^b = (&4Q — b)'' f 
and decompose T^'^ as follows: 

\T,'f{x)\ = \T{{b{x)-b)'f){x)\ 

k-l 

< Ck,m\bix) - 64Q|'-"^|Tr/(x)| + \T{{b,Q - b)'f){x)\ 

m=0 

k-l 

< \b{x) - 64Q|'=-"|rr/(x)| + |T(/ - A.(q))/q,.(x)| + |TA.(q)/q,6(x)|. 

m=0 
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Following the notation of Theorem 13.11 we set F = \T^f\P° G by (i) in Lemma [6 .11 
Observe that F < Gq + Hq where 

k-l 

Gq = 4^°-^ (( E 1^ - ^4Ql'-'"|7r/|)'" + \T{I - A(Q))/Q,.r«) 
m=0 

and Hq = 2^""^ \TAr(Q)fQ,b\^° ■ Proceeding as before we obtain for any x E Q 



f 

Jq 



fc-1 



and for q = go/Po 



7 H'qY <C {MF{x) + Vm[('^-")^'°]+2(|T™/|^'«)(x)) = C {MF{x)+H2{x)). 

Therefore, as F G L^, Theorem 13.11 gives us as before 

WThfWZ, , < \\MF\\ jL < \\G\\ JL + \\H2\\ JL 

II W IILP(«,) - II IIlpo{«,)~" "lpo{w) " ^"lpo{w) 

fc-1 

< IU'/[''poi+2('i f|po) II p \\M^'^^~'^^p°^'^^(\Trf\^°)\\ p 

~ II Vl^ I / II r PO fj/,") -il^ II VI b ^ I /llrpn 



m=0 



fe-1 



m=0 



where we have used the boundedness on L^o {w) of the iterations of M (as w G ^p/pp 
and p > Po) and the induction hypothesis on T™, m = 0, . . . , k — 1. Let us point out 
again that none of the constants involved in the proof depend on b and /. 



Proof of Lemma 16'. il Some of the ideas of the following argument are taken from |Perj 
where this is proved for Calderon-Zygmund operators. Note that there, one has size 
and smoothness estimates for the kernels and here such conditions are not assumed. 
Fix / G L'^. Note that (i) follows easily observing that 

fc fc 

since be L'^,f e imply that 6™ / G C Lp° and, by assumption, T(6" /) G L^". 

To obtain (ii), we fix 6 G BMO and / G L^. Let Qq be a cube such that supp / C 
Qq. We may assume that feg^ = since otherwise we can work with b = b — bQ^ and 
observe that T^'^ = T~ and ||6||bmo = ||&||bmo- Note that for all m = 0, . . . , /c, we have 
that \b"^ f\ and |T(6'" /)| are finite almost everywhere since they belong to L^". 

Let N > and define bN as follows: b^i^x) = b{x) when — < b{x) < N, b^i^x) = N 
when b{x) > N and b{x) = —N when b{x) < —N. Then, it is immediate to see that 
Ibj^ix) - b^iy)] < \b{x) - b{y) \ for all x, y. Thus, ||6iv||BMO < 2 ||&||bmo- As bN e L~ 
we can use fj6.3|) and 

\\Tbj^f\\LP(w) < Co ||6iv|||MO \\f\\LP(w) < Co 2^ II^IIImO \\f\\LP(w) < oo. 
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To conclude, by Fatou's lemma, it suffices to show that |Tb^ — > |T^^/(x)| for 
a.e. a; G and for some subsequence {Nj}j such that Nj — > oo. 

As 1 67V I ^ 1^1 G L'^iQo) for any 1 < p < 00, the dominated convergence theorem 
yields that (^Ar)"^ / — > b"^ f in L^" as — > 00 for all m = 0, . . . , fc. Therefore, as T 
is bounded on L^o it follows that r((6iv)"' f - b"" f) — ^ in L^o. Thus, there exists 
a subsequence Nj — > 00 such that T((6jv^,)™ f — b"^ f){x) — ^ for a.e. x G M" and 
for all m = 1, . . . , /c. In this way we obtain 

- \T,'f{x)\\ < \T{[{br,,{x)-b,,^f-ibix)-bf] 



< 



m=0 



and as desired we get that \Thj^ f{x)\ — > \Tl^f{x)\ for a.e. x G M". □ 

Remark 6.2. The proof just finished can be adapted to the situation of multilinear 
commutators with no much effort. We just sketch some of the ideas leaving the de- 
tails to the interested reader. Let us introduce some notation. Given b = {bi, . . . ,bk) 
we write b = 61 ■■■6^. Let Cj, 1 < j < /c, be the family of all finite subsets 
a = {cr(l), . . . , cr(j)} C {!,..., A;} of j different elements. In this case, we write 
ba- = (&o-(i), . . . ,ba{j)) and b„ = • ■ ■&o-(j). We also set Cq = in which case we 
understand that Tg^ = T and b^ = I- If a G Cj we set cr' = {1, A;} \ cr (note that 
for J = we have a' = {1, . . . , k}). We need the following multilinear version of (jfj.lll 
(see |PTj ): given /c > 1, for any x E Q we have 

i/i---/fc/^r <ii/iii cxpL IIMI cxpL,Q||l"'l llL(logL)'=PO 

< \\M\Zl,q ■ ■ ■ IIMISpL.Q M['=P«]+2(|/^ro)(x). (6.4) 
With this in hand and as done with the regular commutators in Lemma 16.11 the 
matter can be reduced to the case bi, . . . ,bk G L°°. Once we have that, we combine 
the ideas from |PT| p. 684] with the proof above. We write F = \Tf^f[x)\'^" G and 
observe that F < Gq + Hq where 

k 

Gq = 2^«-iC J2 \TiJi^)\ + A.(q))/q#)|)'°, 

Hq = |TA(Q)/Q,g(x)p«, and /q^; = UU^b, - (6,)2q)/. Next, one estimates 
Gq, Hq using the same ideas (with ()6.4|) in place of ()6.1|) ): 

fGQ<c(^j2J2 M[^^«]+2(|Tg^,/r«)(x) +M['=p«]+2(i/r«)(^)) = g(x), 

and 

1 k 

j ^ ^^P(^) + E E M^''^^^-^'{mjr)ix) ^ C {MF{x)+H,ix)). 

•3 m=lo-GC"= 

iFiom. here the proof proceed as in the case above, noticing that the length of 60-' is 
k — m < k — 1 and so the induction hypothesis applies. 
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6.3. Proof of Theorem 14. 9L Assume that the case po = 1 is proved. Then we show 
that the general case follows automatically. Set p = p/po, = 9o/po and consider the 
new family JF consisting of the pairs = {fP°,g''°)- Observe that 1 < p < go and 

that p < oo if go = oo (that is, go = oo). Besides, fl4.ip gives that for all {f,g) G 

/ Pw<C [ g^w, for all weA^n RH^~^/^, 

provided the left hand side is finite. Therefore, the same holds for all 1 < g < go and 
()4.2p follows with g = gpo- 

Assume now that po = 1. Observe that the case go = oo is nothing but Rubio de 
Francia's extrapolation theorem. So we also impose go < oo. The proof of ()4.2j) is 
done on distinguishing the two cases q < p and q > p. We use the following notation 

' 



Note that {vii) in Proposition 12.11 says that if go/g > 1 then w ^ Ag (1 RH^q^y if 

and only li i ' G We need the following auxiliary result based on Rubio de 

Francia's algorithm. 

Lemma 6.3. Let 1 < g < go and w such that w E AqPi RH^q^^y . 
(a) Ifl<p<q and < h E L^'^/p^'{w), then there exists H G L^''^^^' (w) such that 
(a.l) 0<h<H. 

(a. 3) HwEApCl RH^qoy with constants independent of h. 

(6) If q < p < go and < h E L'^{w), then there exists H E L'^iw) such that 

(6.1) 0<h<H. 

(6.2) ||//|U.(«,) <2'^(«)/^||/i|U.H. 

(6.3) w E Apd RH^qgy with constants independent of h. 

Admit this result for the moment and continue the proof. 

Case 1 < p < q: Let {f,g) G be such that f,g E L'^iw). Fix w such that 
^(9o/9)' g A^^^^. Then, 

ll/rL.(.) = ll/1lL,/.H = sup / fPhw 

where the supremum is taken over all < /i G L'^'^^^''' {w) with ||^||2,(9/p)'(u,) = 1- Take 
such a function h and let H be the corresponding function given by (a) in Lemma 
Then by (a.l), ()4.ip and (a. 3), we have 

fPhw< [ fPHw<C I gPHw 
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provided the middle term is finite. This is indeed the case as by Holder's inequality 
with q/p > 1 and by (a. 2) 

Note that the same can be done with g and so 

This readily leads to the desired estimate. 

Case q < p < qo: Let (/, (?) G be non-trivial functions such that f,gE L^{w). Fix 
w such that w G v4g fl RH/q^y. We define 



f ^ 9 



Li{w) \\9\\li{w) 

Note that h G L'^{w) and ||/i||L9(«;) < 2. Let be the non-negative function given by 
Lemma [(). HI part (h). Then, using Holder's inequality with p/q > 1 we have 

rq \ 1 (p/l)' 



1/P 

w] , (6.5) 



since (6.2) implies 

Next, by (6.1) we have f/\\f\\ Li{w) ^ h < H. Hence, using (6.2) we conclude that 



< 2toM(i+<^(,)/,) ||/||^,(^) <oo. 
This and (6.3) allow us to employ (jHH). Hence, yields 

II/IIl.m <C( / g^H~^l^^'''ywX'' <C\\g\\L.i^)\\H\\i^^^^ 

where we have used that g satisfies 5'/||(7||l9(w) < H due to (6.1). 

To complete the proof it remains to show ()4.3|1 . As in jC^MPj this follows almost 
automatically from ()4.2j) by changing the family T . Indeed, fix po < < Q'o and given 
{{fv9o))o C we define 

E/j)'". G-(E«;)"' 

We consider a new family Tr consisting of all the pairs {Fr,Gr). Observe that if 
[Fr, Gr) G J-r, usiug ()4.2|1 with q = r, we have 
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for all w G ^r/po l~l -R-f^(go/f)'- This means that the family JF^ satisfies ()4.1|) with p = r. 
Thus, as we have just obtained, it satisfies ()4.2|) for all Po < q < qo which turns out 
to be (1121). □ 

Proof of Lemma 16'. 51 We first observe that 

^{go/QY e A^i^g^ ^ w^-"' = e A^^gy. 

Given any weight < m < oo a.e. we define the operator 

" u 

This operator will be used to perform different versions of Rubio de Francia's algo- 
rithm. We start with (a): let 1 < p < g and h G L'-'^/p^' {w). We set u = w^'/'/'Ce)'. 
Then, as w^^'^ G ^<^{g)' we have 

ii^«/iiSm=/ M{f uf^^y u-^^^y w = j M{f uf^^y w^-^' 



L'*('J)'{«;)' 

Let us write ||S'„|| for the norm of Su as a bounded operator on L'^'^'^^ (w). We define 
the following version of Rubio de Francia's algorithm: for < / G L'^^'^^ (w) 



k=0 



ifc ' 



where S"^ is the fc-iteration of the operator Su for k > 1 and 5° is the identity operator. 
Given 0<he 1'^"^' (w) we define 

H = n{ /i(9/p)'Mg)y(^)'/(9/p)'_ 

Note that 

o</<7^/, l|7^/IL.(,)'(^)<2||/||^,(,,(^), 

and so H satisfies (a.l) and (a. 2). Note that we also have 

Sn{nf) <2\\Su\\nf ^ MiuTZf) <CuTZf ^ uTZfeAi 

and therefore if (9/p)70(9)' ^ ^ with constant independent of h. Then for all cube 
Q C M" (the averages are with respect to Lebesgue measure) 

/ H^i/py/'f>(iy u< Cii('?/P)'/<^('')'(x) u{x), a.e. x E Q. (6.6) 
Jq 

We show (a.3), that is, (ifw)^*'/^)' G ^^(p). If p = 1 then (jHll) turns out to be 

I [HwY'' <C {H{x)w{x)y'\ a.e.xeQ, 
Jq 
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that is, {H wY^ G ^^(i) = Ai as desired. If p > 1, using we have 
1 = 4- (ifw)('?o/p)'(i-*(p)') = -f{HwY-P' 

(p'-l)^(q)' 



< 



j Hii/pYI-PiiY 



u 



{p'-l)^(q)' 



u (i/p)' w 



l-p' 



_ff (90-1) {9-p) -y ' 



W 



Since 1 < p < g < go we have that 

^ ^ go (g - 1) 1 ^ (g - 1) (go - p) 

(go - 1) (g - p) (go/p)' (go - 1) (g - p) 
Then by Holder's inequahty we obtain 



> 1, 



h ■ h. 



, (g-l)(go-p) 

5 = 

{v - 1) {% - g) 



10 (gyl) \ l/« 
}J (90-1) 



(go/g)'V^' =111-112. 



We gather Ji and J/i: 



TO (9-1) X i-(0(p)-l) 'TV/r^n 
rr < iw N \* yfyfi ^90(9-1 p-l) -I 
// (90-1) (9-p) -y =1 



since the outer exponent is equal to 0. On the other hand, for I2 and II2 we observe 
that 



r<^{p)-i 



w 



w 



ilo/q)' 



w 



Q 



w 



Q 



I I V(^ A., vn\ Wp)-!)'*' 

(go/g)' (i-fZ-Cg) ) ^ 



w 



Q 



^(qo/g)'{l-0(q)')j 



Q 

M\</'{g)-i' 



l/s' 



since w^'^"^'^^' G ^</){g). As a consequence of these latter estimates we can conclude that 



j<t>(p)-i . J J 



< c {if''^-^ ■ Ih) {It'"''" ■ ih) < c. 



</.(p)-l 



We now prove {h). Let h G L'^iw) and u = w^^-(io/i)')/^{q) , Since w^""/')' G we 
have 



L<^(9)(«,) 



L'*{9)(«))- 
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Let US write \\Su\\ for the norm of Su as a bounded operator on L'^^'^\w). Rubio de 
Francia's algorithm to be used now is given by 

ok f 

•' Z-^ 9k \\c llfc ' 

fe=o ^ ll*^"!! 

for < / G Given 0<he L'i{w) we define 

Note that 

o</<7^/, <2||/|L.(,)(^), 

and so H satisfies (6.1) and (6.2). As in the other case 

Su{nf) <2\\sjnf ^ MiuTZf) <Cunf ^ uUfeAi 

and so £ with constant independent of h. Thus for all cubes Q C M" 

1 H'i/^ii)u<CH'''^'^''\x)u{x), a.e.xeQ. (6.7) 
Jq 

We prove (6.3). We do first the case p = qo and we have to see that H~^'^°~'^^ w E 
n RHoo- Note that ()6.7p can be rewritten as 



/ 

Jq 



(^90-9^-1)9^-1 < c {H''^^-i{x)w-\x))<-\ a.e. xeQ. 
Then, for almost every x G Q we have 

H-^i'^-'i\x) w{x) <(-[ {H'l''-'^ w-Y'^A'"^' < I H-^^^-'^K 
^Jq ^ Jq 



where in the last estimate we have used Jensen's inequality with the convex function 
t ^ ^-1/(90-1). This shows that w G RH^. On the other hand, we also have 

which automatically implies that w G Ag^^. This completes the case p = qo- 

If p < go, (b.S) is equivalent to ( //"p/W?)' G A^^p). By we observe 
that 



1=1 { if-W(W9)' ^) (-^O/P)' < / i \ -^^^^^ / i ^^^^^^^ 

^Jq ^ ^Jq 



p (lo/v) •pyi) /• 
^9/0(9) ^ 1 ^(90/9)' j = . J^. 



Q 

Since 1 < g < p < go we have that 

^ ^ g (p - 1) ^ (go -q){p- 1) ^ ^ ^/ ^ (go - g) (p - 1) 
(j){q){p-q) (go-i)(p-g) ' (go-p)(g-i)' 

By Holder's inequality we obtain 

Jq Jq Jq 
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= Ih ■ Ih. 

For Ji and Hi we have 

since the outer exponent vanishes. On the other hand, since t(;(^"/'?)' g ^(/>(^), 

« « (p{p)—i 



J Q 

Collecting the last two estimates we conclude that i^H~^/^'^/^^' w)^^^^^^"^ G 

J Q J Q 



□ 



Part 2. Calderon-Zygmund methods 

7. Introduction 

This section develops a circle of ideas based on the Calderon-Zygmund decompo- 
sition. This decomposition was invented in the celebrated article |CZj to prove that 
certain singular integrals of convolution type are of weak-type (1, 1). Recall that this 
decomposition is non-linear and breaks up functions into good and bad parts. The 
good part is bounded, while the bad part is a sum of localized and oscillating func- 
tions. The oscillation is in the sense of a vanishing mean. This turned out to be a 
very versatile tool. 

The application towards singular integrals was refined in |Horj with a minimal 
regularity condition on the kernel matching the oscillation of the bad parts. Then, 
this was generalized to what is now called Calderon-Zygmund operators, see, e.g, 
|Mey| . We note that a key ingredient in these arguments is the a priori strong or 
weak-type {po,Po) of the operator for some po > 1. 

Kernel regularity in some sense is needed for such arguments. After the results 
obtained in |Hebj and |DR,j in a functional calculus setting, a general weak-type (1,1) 
criterion is formulated in |DMcj . It still exploits the Calderon-Zygmund decomposi- 
tion but does not use the oscillation of the bad part. The regularity is expressed in 
the integrability properties of the kernel of T{Id — Ar) where , r > 0, is some ap- 
proximation to the identity. In the classical case, Ar would be an ordinary mollifying 
operator with a smooth bump function. 

|BKlj develops this idea further for singular "non-integral" operators and estab- 
lishes a weak-type {p,p) criterion, still assuming of course a priori weak-type (po,Po) 
boundedness for some po > p. This result is presented in |Aulj with a simpler and 
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stronger statement. This is typically an unweighted result but as it works in spaces 
of homogeneous type, it applies with underlying doubling measure w{x) dx, w G Aoo- 

In a sense, we have not much to add to this story. However we present it once 
again as its argument is needed for further development (Section l8.1|l . First, a slight 
strengthening of the hypotheses yields for free boundedness results for commutators 
of the operator with bounded mean oscillation functions f Section l8.2p . Second, we 
observe that similar unweighted estimates plus an a priori weighted weak-type {po,Po) 
estimate of T implies weighted weak-type {p, p) estimate for a range of p's with p < pq 
depending on the class of weights (Section l8.3|) . 

We also present in Section M a result of independent interest but needed in |AM8j 
concerning a Calderon-Zygmund decomposition for a function in M" with gradient 
controlled in some U'{w) space for some p > 1 and doubling weight w supporting 
a Poincare inequality. Such a decomposition is used is |Au2j in the Euclidean set- 
ting and a similar decomposition appear earlier in |CMj and |BSj for the purpose of 
real interpolation for Sobolev spaces. See also jACj for an extension to Riemannian 
manifolds. 



8. Extended Calderon-Zygmund theory 

Except for Section 18. 4^ we work in endowed with a Borel doubling measure n 
(and we remind the reader that in applications dfi{x) = w{x) dx with w G Aoo)- 

8.1. Blunck and Kunstmann's theorem. We use the following notation: if B 
is a ball with radius r{B) and A > 0, A-B denotes the concentric ball with radius 
r{XB) = Xr{B), Cj{B) = 2^+^ B\2^ B when j > 2, Ci{B) = 45, and 

hdfi= .^.^ip. / hd^. (8.1) 

C,{B) /i(2J+15) Jc^(^B) 

We say that the doubling measure fi has doubling order D > ii /i(A B) < l^{.B) 
for every ball B and every A > 0. 

The following result appears in a paper by Blunck and Kunstmann |BKlj in a 
slightly more complicated way with extra hypotheses. This version is due to one of 
us r^uTI. 



Theorem 8.1. Let fi be a doubling Borel measure on M" with doubling order D and 
1 < Po < Q'o < oo. Suppose that T is a sublinear operator of weak-type {qo,<lo)- Let 
V be a subspace of L'^°{fi) nL^°(/i) stable under truncation by indicator functions of 
measurable sets. Let {Ar}r>o be a family of operators acting from V into L^°(/i). 
Assume that for j > 2, 



\T{I - A(B))/| df?j <a,U \fr df?j ™ (8.2) 



CjiB) ' ^JB 



and for j > 1 



/ I d^ ^° < ( / l/l'" ™ ' (8-3) 

for all ball B with r{B) its radius and for all f supported in B. IfYlj 

then T is of weak-type {po,Po) and hence T is of strong-type {p,p) for all po < p < qo- 
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8.2. Commutators with BMO functions: part II. A slightly strengthening of 
the hypotheses above yields an analog result for the commutators with bounded mean 
oscillation functions. In this case, since the underlying measure is fi, we work with 
functions b G BMO(/i) (the definition is as the classical one replacing dx by /i). As 
is a doubling measure, John-Nirenberg's inequality holds in BMO(/i). The definition 
of the commutator is the same as in Section 13.51 but in this case we assume that T is 
of weak-type (go, Qo) in place of being bounded on Lp°. This still guarantees that the 
commutator is well defined. 

Theorem 8.2. Let ^ be a doubling Borel measure on with doubling order D, 
1 < Po < 9o < oo, b G BMO(/i) and A; G N, A; > 1. Suppose that T is a sublinear 
operator and that T and T™ for m = 1, . . . , A; are of weak-type (go, go) ■ Let {Ar}r>Q be 
a family of operators acting from L'^{^) into L'^°{n). Assume that for any ball B with 
r{B) its radius and for all f G supported in B, ()8.3|1 holds, and ()8.2jl is replaced 
by the stronger assumption 



for some r > 1 and all j > 2. // aj 2^^ < oo then for all Pq < p < go, there 
exists a constant C {independent of b) such that for all f G L'^{fi), 



quently. Theorem 18. II implies that T = T° is of weak-type (po,Po) and hence bounded 
on LP{fi) for all po < p < qo- 

Remark 8.4. In applications we will use this result with underlying measure dfi{x) = 
w{x) dx with w G Aoo and so the weight is hidden in the measure. Let us mention 
that if w G Aoo, and so dw is a doubling measure, then the reverse Holder property 
yields that BMO(w) = BMO with equivalent norms. 

Remark 8.5. Our argument requires that the commutators are already weak-type 
(go, go), which could make this result useless. However, this hypothesis can be obtained 
from Theorem 13. 15| see |AM3j for examples of this. 

Remark 8.6. As in Remark 13.171 we can also consider multilinear commutators 
associated with a vector of symbols b = {bi, . . . ,bk) with entries in BMO(/i). In this 
case, we can formulate an analog of Theorem 18 . 21 proving that Tg is bounded on L^ifi) 
(see Remark 110.21 below) . The precise statement is left to the reader. 

8.3. Weighted estimates. We present the following weighted version of Theorem 
lO which is used in |AM4j . 

Theorem 8.7. Let ^ be a doubling Borel measure on M", w G A^o with doubling 
order D^- Let Vi C 1^2 be subspaces of L'^°{w) and suppose that they are stable under 
truncation by indicator functions of measurable sets. Let T be a sublinear operator 




(8.4) 




2^^ < oo and conse- 
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defined on V2. Let {Ar}r>o be a family of operators acting from Vi into V2. Let 
1 ^ < Q'o ^ 00. Assume the following conditions 

(a) There exists q G VV^(po)Q'o) such that T is bounded from L'^{w) to L'^'°°{w). 

(b) For all j > 1, there exist constants aj such that for any ball B with r{B) its 
radius and for any / G I?i supported in B, 

U \AriB)frdfj}i^ <aJ-f l/rrf/i)^. (8.5) 

(c) There exists (3 > (sw)' , i.e. w G RHpi, with the following property: for all j > 2, 
there exist constants aj such that for any ball B with r{B) its radius and for 
any / G I^i supported in B and for j > 2, 

(/ \TiI-Ar^s))ffdS^'<a,U\frdf?l^. (8.6) 

(d) «j 2^""-' < 00 for aj in (b) and (c). 

Then T is of strong-type {p,p) with respect to w for all p G Ww{po,qo) with p < q. 
More precisely, for such a p, there exists a constant C such that for all / G Pi, 

||T/|U.(.)<C||/|U.(^). 

Proof. Fix a ball B, f supported in B and let g = |T(/ — Ar{B))f\ and h = |^r(B)/|- 
Let p G yVw{po, qo) with p < q. Since w G RH(^g^/gy and w G Ap/p^, fl8.5|l yields 

( / h^dwf <U h^^^ \fr dfA < ( / l/r dwf. 

J Cj {B^ J Cj {B^ J B J B 

Then as ti? G RHpi and w G ^p/po? (!8.6|) implies 

/ 9dw<U g^d^,y^<a,U \frdfi)^'<a,U If^dwf. 

J Cj {B) J Cj {B) J B J B 

Thus we are back to the hypothesis of Theorem 18. II for the doubling measure w dfi and 
with exponents p < q. This implies that T has weak- type {p, p) with respect to w dfi. 
As p is arbitrary in an open interval, this implies also strong-type by Marcinkiewicz 
interpolation theorem. □ 

Remark 8.8. Note that ()8.5|) and ()8.6|) are unweighted assumptions. Since we assume 
weighted weak-type (g, q) for T, this seems useless in applications. In fact, it is a good 
companion of Theorem 13.71 See the application to Riesz transforms on manifolds in 

Remark 8.9. An examination of the argument shows that if in addition w E Ai then 
weighted weak- type holds at p = pq. 

Remark 8.10. A simple and special case is the following. If (6), (c) and [d) hold for 
Pq = 1 and go = oo? then it suffices that (a) holds for some q with q > and the 
conclusion holds for all p G {r^, q). 

Remark 8.11. We can obtain a version of Theorem 18. 71 for commutators with BMO 
functions: let /c > 1, 6 G BMO and w G Aoo- In (a) we further assume that T^*", 
for m = 1, . . . , A;, are bounded from L'^iw) to L'^'°°{w); the series in (d) becomes 
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2^"'-' < oo; (6), (c) remain the same. In such a case, we show that is 
bounded on L^iw) for p < g, p G Wui^Pq, qo)- 

The proof is almost identical and we only give the main ideas. The computations 
for h do not change. To estimate g, in the left-hand side, we need to start with an 
L''(w)-norm in place of the L^(w)-norm. We pick r > 1 so that (s^)' < j3/r < (3 (note 
that [sw)' < 13). This guarantees that w G RHf^p/ry and from the U {w)-iaoTm we pass 
to the -norm, after this the desired estimate follows in the same manner. Thus, 
we can apply Theorem 18.21 to obtain that is bounded on L^{w) for all p < p < q. 
As p is arbitrary in an open interval, we conclude that is bounded on U'iw) for all 
p < q such that p G W^(po; ^o)- 



8.4. Extension to spaces of homogeneous type. The preceding results in this 
part have been obtained in M" equipped with a doubling measure /i. In [SM3] we will 
use them with being either the Lebesgue measure or dii{x) = w{x) dx with w G A^o 
and in |AM4j . M" will be replaced by a manifold or a Lie group. It is not difficult to 



see that all the proofs can be adapted to the case of general spaces of homogeneous 
type (X,d,fi) (see |CWj . |Chr j . jSteij ). Precise statements and details are left to the 
reader. 

Let us just make a point about the definition ()8.1|1 . It would have looked more 
natural to use the "true" mean of h over Cj{B) where we divide by fi{Cj{B)) in place 
of B). Our choice is justified partly by the fact that we do not know whether 

2 B \ B and 2 B have comparable mass for all balls, and partly since (fortunately) 
fi{2^^^ B) is the quantity that appears in computations. Let us note a fairly weak 
sufficient condition on X insuring this comparability (which is surely known but we 
could not find an explicit statement in the literature) 



Lemma 8.12. Assume that there exists e G (0,1) such that for any hall B <Z X , 
{2 - e) B\B ^ 0. Then, fi{2B \ B) ^ yu(2 5) for any ball B, where the implicit 
constants are independent of B. 



It would be nice to be able to take e = in the above statement. The argument 
below shows that /i(2 B\B) > C/i(2 B) but with C depending on B. So our statement 
is the next best thing. 

We prove the lemma. It suffices to show that /i(2i?) > u fi{B) for some u > 1. 
Choose 1 < c < 33^. Let _B be a ball, xb its center and r its radius. By hypothesis, 
there exists x G B{xb, (2 — e) cr) \ B{xb, cr). Set B' = B{x, (c — 1) r) and note 
that B' C 2B\B. Thus /i(25) > /i(5) + fi{B'). Now B C k B' with k = ^^5^, 
hence /i(-B) < fi{K,B') < CK,^fi{B') where D is the doubling order of fi. Therefore, 
/i(2 5) > (1 + (Ck^)-^) fi{B) as desired. 

Remark that if we had assumed that all annuli are non-empty then we would obtain 
for all A > 1, yu(A B) > X'^ fi{B) for some > 1 and d > depending on /i. Let us 
finally observe that Theorems 18. 18.21 and 18.71 hold with a-adic annuli for some fixed 
a > 1 instead of dyadic ones. The needed changes in the statements and proofs are 
left to the reader. 
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9. On A SPECIAL Calderon-Zygmund decomposition 

The standard Calderon-Zygmund decomposition of functions allows one to decom- 
pose a function into a sum of a good bounded function and bad but localized functions. 
This decomposition depends on the level sets of the maximal function of /. This is 
used to prove boundedness results such as Theorem 18.11 

If one wants to prove estimates like ||T/||p < J2]=i W^jfWp then one observes that 
the level sets under control are those of the maximal function of each partial djf. But 
unless one can explicitly express Tf in terms of the functions djf, the decomposition 
applied to each djf does not allow to split / as before. 

The idea of the following lemma, which is applied in [AM3j , is to split / according 
to some information on its gradient. This was done in |Aulj for Lebesgue measure in 
M". We extend it to a class of doubling measures. 

Proposition 9.1. Let n > 1 and 1 < p < oo. Let w G Ll^^{W"'), w > a.e., be 
such that dfi = w dx is a Borel doubling measure [here we do not need that w is a 
Muckenhoupt weight). Assume that the measure fi supports an Poincare inequality, 
that is, 

{£ \f - msf^d^^y < Cr{B) (£ |V/r (9.1) 

for all locally Lipschitz functions f and all balls B with radius r{B). Here msf is the 
average of f with respect to fx on B. Assume that f G S is such that ||V/||i,p(^) < oo.^ 
Let a > 0. Then, one can find a collection of balls {Bi}i, smooth functions and 
a function g G Ll^^{W^,fi) such that 

f = 9 + Ylbr (9.2) 

i 

and the following properties hold: 

|V5'(x)| <Ca, for ji-a.e. x ^ (9.3) 



supp&iCB, and I \Vbi\P dfi < Ca^fxiBi), (9.4) 
J2KB^)<Ca-P [ \Vffdfi, (9.5) 
Y.Xb.<N, (9.6) 

i 

where C and N depends only on dimension, the doubling constant of fi and p. As- 
suming furthermore that fi supports an — L'^ Poincare inequality with p < q < oo, 
that is, 

(£ If-msfl'dfiy < Cr{B) (£ |V/rrf/i)' (9.7) 
^We avoid here regularity issues by taking a smooth /. 

"^The gradient of g exists /i-almost everywhere, that is almost everywhere for the Lebesgue measure. 
In fact, a similar argument shows that g is almost everywhere equal to a Lipschitz function g. Hence, 
Vi? coincide almost everywhere with the distributional gradient of g. 
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for all f locally Lipschitz and all ball B . Then 

l&^N/i)' <ar(S,). (9.8) 



Since weights support an U — Poincare inequality for some q> p., the latter 
result applies to any w G A^q and p > r^. 

10. Proofs of the main results 
We prove Theorem 18.11 Theorem 18. 2t and Proposition 19.11 

10.1. Proof of Theorem 18. IL We follow closely the proof in |Aulj (we include it 
since it will be needed for the next section) . By Marcinkiewicz interpolation theorem, 
it suffices to show that T is of weak-type {po,Po)- Let / e P (so / e LP°{fi)) and 
a > 0. By the Calderon-Zygmund decomposition (see |CWj or |Stej ) for |/|^'' at height 
a'P° it follows that there exist a collection of balls {Bi}i and functions g, {hi}i such 
that f = g + Yli ^"^^ following properties hold: 

||5'IU'-(/^) < Cct, (10.1) 



supphiCBi, {^j < Ca, (10.2) 

J Bi 

Y,KB^)<Ca-^- [ l/rd/., (10.3) 
J2Xb.<N, (10.4) 

i 

where C and depends on /i, n and Pq. We write = r{Bi) and control Tf by 
\Tf\ < \Tg\ + |r( ^ A, h?)\+Yl - = ^1 + ^2 + F,. 

i i 

We estimate > a/3}. For Fi, since T is of weak-type (go^^o) and ()10.H) 

> a/3} < 4r / df, < ^ [ \g\Po d^, < ±- [ If^d^^, (10.5) 



where we have used that (ITmi . (ITir^ . (ITrO|l yield 

JR" I ■ I . Jb, ■ Jr" 

For F2, we first use that T is of weak-type (go, %), 



M^2>a/3}<-^ / lY^ArM 



go 



ci/i. (10.6) 



To compute the L''°-norm we dualize against < u E L'^°{n) with ||^||^<?^(-^^ = 1- We 

use dHU, (HOIS), (innii 

I i ^JC,(B,) ^ ^ 
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< 



a/i(Ui5i)« = a^(U,5i)w, (10.7) 

where we have used Kolmogorov's lemma and the weak-type (1, 1) for the Hardy- 
Littlewood maximal function (this idea is borrowed from |HMj ). Next, we take 
the supremum on u and plug the obtained estimate into ()10.6p : 

Mi^2 > «/3} < MU.fi.) < 4^ / l/r^Z/i, (10.8) 

where we have used flTTO|l . Next, we consider F3. By (IH21), ^TT^ and (|TTO|l 

//((M" \ U,45,) n {F3 > a/3}) < - V / |T(/ - AJ/^.I ^/x 

Gathering (|TII3|l . dTIIl^ . (fTin?|l . and using dTTU^ we conclude that 
^{xeR-:\Tf{x)\>a}<^ [ l/prf/i. 

10.2. Proof of Theorem 18. 2L The basic ingredient is the following consequence of 
John-Nirenberg's inequality: for any ball 5, < s < 00 and j > 0, 



Ib-bBl'dfi) < (1+j)II&IIbmom- (10.10) 

Lemma 10.1. Assume ()8.3p and fj8.4|) 0/ Theorem \8.^ Let po < p < q < Qq. Let 

b G L°°{fi) with ||&||bmo(aj) = 1- Then for all ball B with radius r , all functions f 
supported in B and m G N, m > 1, 

{£\ib~b,nrfrdf^)^<[£\f\^df^)K (lo.n) 

forj > I, 

(/ \{b-b,BrArf\u^^y<raJ{ ifrdf,)^ (10.12) 

^Jc\(B) ^ ^Jb ^ 



and for j >2, 



lib - b.sr Til - Ar)f\ dfi < r ( / \fr di,) , (10.13) 



'Cj{B) 

where the constants involved are independent of b and f. 
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The proof of ()10.11|1 is a direct application of Holder inequality and ()10.10|) . Next, 
using that q < qo, ()1()-12|1 follows from Holder inequality, ()8.H|1 and (jlO.lOj) . Eventually, 
is a consequence of Holder inequality, ()8.4j) as r > 1 and . 

We begin the proof of Theorem 18.21 As before it is enough to consider the case 
b e L°°{lj) obtaining the desired estimates with a constant independent of h. Let us 
observe that here we assume that T is of weak-type (go, qo) in place of being bounded 
on L'^". This changes slightly Lemma l6.ll Namely, in (a) one obtains that T^f G 
L'^°'°°{fi). The proof of (b) changes in the following way: one shows that T{{bNT f - 
b"^ f) — > in L'^°'°°{n) which also implies the convergence almost everywhere for a 
subsequence. From here the proof can be carried out in the same manner. 

When b G L°°{fi), all the formal computations below make sense. Notice that 
by homogeneity, it suffices to consider the case ||6||bmo(aj) ~ Marcinkiewicz 
interpolation theorem, it suffices to show that is of weak-type (p, p) for all po < 
p < qo because is sublinear. We proceed by induction and assume that we have 
proved that T^^ is of weak-type {p,p) for all po < p < qo and m = 0, . . . , k — 1, the 
case m = being covered by Theorem 18.11 

Fix p so that po < p < qo and let q with p < q < qo- Let / G (so / G L^^fj,)) 
and a > 0. By the Calderon-Zygmund decomposition (see |CWj or |Stej ) for \f\P at 
height it follows that there exist a collection of balls {-Bj}i, a collection of functions 
{hi}i and a function g such that f = g + Y^i^i and (ITin|) . (fTir^ . (fTIO|l (ITin|l hold 
with p in place of po- We wish to estimate /i{|T^'^/| > a}. First, we have 



\T,'f\<\T,'g\ + \T,'I^J2^^ 

i 

By the weak-type (go, go) of T^, 

^^{\T^g\>a/2}<\ f \g\^od^<L f (10.14) 

where the last inequality follows as in pO.Sj) . Next, set h^f^ = (645, — b)"^ hi and 
= r{Bi). Then 



m 
''i,b 



m=0 i 
k 

+ J2Ck,mY.\bix)-b,Bf-'^\T[iI- Ar, ) K 



m=0 



The m-th term in the first sum is bounded by Yl!l=o' ^T^rn,i{x) with 



FmAx) 



[X] 



Fix £ = m = and A some large number depending just on k. Then the estimate 
of yu{i^o,o > a/ A} is done as for the term F2 in the proof of Theorem 18.11 using the 
weak-type (go, go) of Tj^ . Next, fix m with m+l > 0. Then, the induction hypothesis 
implies that T^-"^-^ is of weak-type (g, g). Hence, the estimate of ^{Fmi > a/ A} is 
done as for the term F2 in the proof of Theorem 18.11 by replacing go by g and using 
(fTTmil with / = /i™ and then (fTim]) with f = hi. 
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It remains to estimate ^{Gm/ > a/A} with 

i 

We proceed as for the term F3 in the proof of Theorem 18 .1^ using (jlO.lHj) with / = /i^^ 
and then with f = hi. We leave details to the reader. 

Remark 10.2. The latter argument can be carried out for the multilinear commuta- 
tors introduced above. We give some of the ideas leaving the precise computations to 
the reader. As before, it suffices to consider the case bm G L°° with ||6m||BMO(At) = 1 
for all 1 < m < fc. Given cr C {1, . . . , k}, we write n.^^ = Yljea ipj ~ i^j)4:Bi) and 
h, t = hi 71- r Here, when a = we understand that vr . r =1 and h- r = hi. Thus, 
combining the preceding ideas with jPT( p. 684] we have 

o'i.o"2,o'3 i 0-1, o"2 i 

where the first sum (resp. the second sum) runs over all partitions of {1, . . . ,k} in 
three (resp. two) pairwise disjoint sets (Ji,cr2,o"3 (resp. cri,cr2). 

The estimate for the first term is obtained as in p0.14|) . The second term is treated 
as Fm^i above (notice that the case cti = {1, . . . , fc}, o"2 = 0-3 = is handled differently 
as happened before). Finally, the third term is estimated as Gm,i above. Full details 
are left to the reader. 

10.3. Proof of Proposition mil Let = {x G M" : M^(|V/|p)(x) > a^} where 
is the uncentered maximal operator over cubes^ of with respect to /i. If is empty, 
then set g = f ■ Otherwise, since /x is doubling it follows that is of weak-type (p,p) 
and so 

\n\ < Ca-P I \Vf\Pdfx. 

Let F be the complement of Q. By the Lebesgue differentiation theorem, |V/| < a 
/x-almost everywhere on F. 

Lemma 10.3. One can redefine f on a fi-null set of F so that for all x E F, and for 

all cube Q centered at x, 

\f{x)-mQf\<Cam (10.15) 
where i{Q) is the sidelength of Q. Furthermore, for all x,y E F, 

\f{x)-f{y)\<Ca\x-y\. (10.16) 
The constant C depends only on dimension, the doubling constant of fi and p. 

Proof of Lemma \1U.'J[ Let x be a point in F. Fix a cube Q with center x and let Qk 
be co-centered cubes with i{Qk) = £{Q) for k >1. Then, by Poincare's inequality 

\mQ,^J-^Qj\<i \f-^Qj\dfi<i{Qk)(-f \Vf\^d^' <2-H{Q)a (10.17) 

since x E Q^^F . This easily implies that \jnQ^f}k>\ is a Cauchy sequence and so it 
converges as /c ^ 00 or what is the same as i{Qk) 0. The Lebesgue differentiation 

''^We freely change balls to cubes. 
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theorem implies that faq^f — > f{x) whenever x is a Lebesgue point of /, that is 
/i-almost everywhere. If x is not a Lebesgue point, it is easy to show that hmmg^./ 
does not depend on Q (the original cube). Hence, we redefine /(x) as the value of 
this limit. With this new definition, summing over > 1 on ()l().17j) one gets 

To see ()10.16|) . let x,y E F and be the cube centered at x with sidelength 
2\x — y\ and Qy be the cube centered at y with sidelength 4:\x — y\. It is easy to see 
that Qx C Qy. As in fjl0.17|) . one can see that \mQ^f — mg^fl < Ca\x — y\. Hence 
by the triangle inequality and p0.15|) . one obtains ()10.16|) readily. □ 

Let us continue the proof of Lemma I^TTl Let {Qi}i be a Whitney decomposition 
of fl by dyadic cubes. Hence, Q is the disjoint union of the Qi's, the cubes 2Qi G fl 
have bounded overlap, and the cubes 4 Qi intersect F. As usual, A Q is the cube co- 
centered with Q with sidelength i{XQ) = Xi{Q). Hence ()9.5|) and ()9.6p are satisfied 
by the cubes 2 Qi. 

Let us now define the functions bi and show ()9.4j) . Let {A^jj be a partition of unity 
on Q associated to the covering {Qi}i so that for each i, Xi is a C°° function supported 
in 2Qi with HAiHoo + C-i llVAfjUoo < c(n), li being the sidelength of Qi. Set 

h = if - m2Qj) Xi. 

It is clear that bi is supported in 2Qi. Since V((/ — m2Qif)Xi) = A^V/ + (/ — 
'^2Qi/)VAi, we have by the Poincare inequality, the fact that the average of | V/|^ 
on 4 Qi is controlled by (since 4 Qi meets F) and the doubling property that 

[ I V( (/ - m2Qj)Xi) r dfi < c«v(2g,). 

J2Qi 

Thus (I9.4|l is proved. 

It remains to obtain ()9.2|) and ()9.H|1 . To do so, we introduce an auxiliary function 
h = X]i"^2Q,/ VAi, for which we claim that h < Ca on M". First, note that this 
sum is locally finite in VL and vanishes on F, hence h well-defined on M". Note also 
that Xi is 1 on f2 and on F. Since it is also locally finite we have VA'j = 
in Vt. Fix x e f2. Let Qj be the Whitney cube containing x and let Ix be the set of 
indices i such that x G 2 Qi. We know that ji^I^ < N . Also for i E we have that 
ii < ij < C ii where the constant C depends only on dimension (see jHtej). We 
also have \m2Qj — m2Qjf\ < C ija (embed 2Qi and 2Qj in some dilate of Qj and 
apply Poincare's inequality as in ()10.17|) and the definition of F). Hence, 



\h{x)\ 



'^{m2Qj - m2Qj)VXi{x) 



<CJ2 \^2qJ - m2Qj\i^' < CNa. 



We are ready to prove ()9.2|1 and ()9.H|1 . Set g = f — This function is defined /i- 
almost everywhere, hence ()9.2|1 trivially holds. Next, we claim that V^^ = li7'(V/) + h 
/i-almost everywhere where l^e is the indicator function of a set E. Admitting this, 
for /x-a.e. x e F, we have that |V^(x)| = |V/(x)| < M^(|V/|p)(x)p < a, and for 
/i-a.e. X G fi, |V(y'(x)| = \h{x)\ < C N a. To conclude the proof of ()9.Hj) . it remains to 
see the claim. First, observe that bi converges in L^^^iW^, /i). Indeed, fix a compact 
set K and observe that the sidelengths of the cubes Qi meeting K are bounded. Since 
— Cl^a^niQi) and J2if^iQi) < obtain convergence of the series in 

LP{K,^) from the bounded overlap property of the Qj's. Next, it follows from ()9.4j) . 
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(j93|l and that converges in LP(]R",/i). We invoke |FfTkI Corollary 

11] (this is where we use that /i is given by a weight) which implies that Vg exists 
almost everywhere (which is the same as /i-almost everywhere by the assumption on 
the weight) and is given by V/ — ^^i- But as VXi{x) = ioi x & Q, we have 

V/ = l^Vf) + ln(V/) = 1^(V/) + /i + ^ V6, /i-a.e., 

i 

and the claim follows. 

It remains to prove ()9.8p assuming an — L'^ Poincare inequality. By the definition 
of bi and similar computation as above, 

(/ M'dfif <i.U I V/r^/i) 

J Qj J 2 Qi 
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